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Abstract 

We introduce a new notion of computable function on M'^ and prove 
some basic properties. We give two applications, first a short proof of 
Yoshinaga's theorem that periods are elementary (they are actually low). 
We also show that the low complex numbers form an algebraically closed 
field closed under exponentiation and some other special functions. 



1 Introduction 

We here develop a notion of computable functions on the reals along the lines of 
the bit-model as described in ||2|. In contrast to the algebraic approach towards 
computation over the reals developed in our approach goes back to Grze- 
gorczyk and the hierarchy of elementary functions and real numbers developed 
by him and Mazur (see |Q] footnote p. 201). We thank Dimiter Skordev for a 
careful reading of an earlier version of this note. We also thank the referee for 
pointing out several flaws in the first version. 

2 Good classes of functions 

A class !F of functions N" N is called good if it contains the constant functions, 
the projection functions, the successor function, the modified difference function 
x—y = max{0, x — y}, and is closed under composition and bounded summation 



f{x,y) = ^5(a;,i). 



j=0 



The class of low elementary functions is the smallest good class. The smallest 
good class which is also closed under bounded product 



fix,y) = n5(^'* 



i=0 



or - equivalently - the smallest good class which contains n > 2", is the class 
of elementary functions The elementary functions are the third class €^ of the 
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Grzogorczyk hierarchy. The low functions belong to 6^. It is not known whether 
all functions in 6^ are low. 

A function / : N" — > is an .F-function if its components /j : N" — > 
N, i = 1, . . . ,m, are in T. A relation i? C N" is called an .F-relation if its 
characteristic function belongs to J^. Note that a good class is closed under the 
bounded /U-operator: if R belongs to J^, then so does the function 

/(.X, y) = niin{i | R{x, i)\J i = y}. 

As a special case we see that [|J is low. The J-"-relations are closed under 
Boolean combinations and bounded quantification: 

S{x,y) <^ 3i<yR{x,i). 

It follows for example that for any / in ^ the maximum function 

max f{x,j) = mm{i | Vj < y f{x,j) < i} 

is in T since it is bounded by X^^Lg /(a;, i). 

We call a set X an jF-retract (of N") if there are functions i : X ^ N" and 
TT : N" ^ X given with tt o t = id and io-k ^ T . Note that the product X y. X' 
of two ^-retracts X and X' is again an .?^-retract (of N"+" ) in a natural way. 
We define a function / : X ^ X' to be in J" if i' o / o tt : N" ^ N"' is in T. 
By this definition the two maps i : X ^ N" and tt : N" X belong to T . For 
an ^-retract X, a subset of X is in ^ if its characteristic function is. It now 
makes sense to say that a set Y (together with l:Y ^ X and tt : X ^ y) is a 
retract of the retract X. Clearly Y is again a retract in a natural way. 

Easily, N>o is a low retract of N and Z is a low retract of W^ via i{z) = 
(max(z, 0), — min(0, z)) and 7r(n, m) = n — m. Wc turn Q into a low retract of 
Z X N by setting i(r) = {z,n), where ^ is the unique representation of r with 
n > and {z, n) = 1. Define ■jt{z, n) as ^ if n > and as otherwise. 

For the remainder of this note we will consider Z and Q as fixed low retracts 
of N. 

The following lemma is clear. 

Lemma 2.1. Let X , X' and X" he T -retracts, and f : X ^ X' and /' : X' — > 

X" in T . Then /' o / also belongs to T . □ 

The height h(a) of a rational number a = for relatively prime z and n 
(n > 0), is the maximum of \z\ and n. The height of a tuple of rational numbers 
is the maximum height of its elements. 

Lemma 2.2. // / : is in T , there is an T-junction /3/ : N ^ N such 

that 

h(a)<e ^ |/(a)| </3/(e). 
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Proof. Write /(f-, . . . , ^) = g{zi, . . . , njv) for an J^^-function 5 : (Z x N)^ ^ 
Q. The function (x] : Q ^ N is low. So we can define /3/(e) to be the maximum 
of all . . . , a:2Ar)n , where \xi\ < e. f3f is easily seen to be in □ 

Lemma 2.3. Let g : X x N ^ Q be in J- for some J- -retract X. Then there is 
an T-function f : X x N x N>o Q such that 



/(x,y,fc) - V.g(a;,i) 



1=0 



< - for all X e X,y and k e N>o. 
k 



Proof. We note first that for every JF-function t : X x ^ "L the function 
X]i'=o *(^' belongs to T. It is also easy to see that there is a low function 
ft, : O X N ^ Z such that 



h{r, k) 

— r 



k 



1 



Now define / by 

ELoMg(^,»),(i/ + i)fc) 
= ^TT)^ 



□ 



Definition 2.4. A real number x is an T-real if for some T-function a : N ^ Q 

\x-a{k)\ < i 

Lemma 2.5. x is an T-real if and only if there is an T -function n : N ^ Z 
with'-^^ <x<^^^. □ 

Remark 2.6. Let x = X^i^o c^i^ ' for integers b > 2 and ai € {0, 1, . . . , 5 — 2}. 
Then x is low if and only if 

a. = fib') 

for some low function f . 

In 1^ Skordev has shown among other things that tt is low and that e is in 
6^. Weiermann proved that e is low. He used the representation e = ^ ^ 
and a theorem of d' Aquino ||^, which states that the graph of the factorial is 
Ap-definable and therefore lowj^ 

We will show in Section ^ that volumes of bounded 0-definable semialgebraic 
sets are low, and so is tt as the volume of the unit circle. In Section |^ we show 
that the exponential function maps low reals into low reals. 



^D. Skordev and also the referee have informed us that lowness of the graph of the factorial 
follows from the fact that the class of functions with low graph is closed under bounded 
multiplication, which is not hard to prove. 
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3 Functions on 

Let O be an open subset of where we allow = 0. For e £ N>o put 

O \ {x eO \\x\ <e} 

and 

Oe^{xeO\e dist(x,R^\0) > i}. 
(We use the maximum norm on M^.) Notice: 

1. Oe is compact. 

2. U C O ^ Ue C Oe. 

3. e < e' =^ Oe C Oe'. 

4. = UeeNOe 

5. Oe C (02e)L 



Definition 3.1. Let J- be a good class. A function F : O ^ R is in J- if there 
are T -functions d : N ^ N and J : x N ^ Q such that for all e £ N>o and 
all a e and x e Oe 

\x-a\<-^^\Fix)-f{a,e)\<-. (1) 
a(ej e 

If (0) holds for all X € O \ e, we call F uniformly J-!q 

We will always assume that d : N N is strictly increasing. 

Remark 3.2. Clearly, a function is uniformly J- on O if it can be extended to 
an T-function on some e-neighborhood of O. 

This definition easily extends to / : O ^ (again under the maximum 
norm). Then / is in if and only if all fi, i — 1, . . . , M, are in J-. 

Lemma 3.3. J- -functions map T-reals to T-reals. A constant function on 
is uniformly in T if and only if its value is an T-real. □ 

Definition 3.4. We call a function F : O ^ M^^ (uniformly) J- -bounded, if 
there is an J- -function l3p : M ^ Q in J- such that \F{x)\ < (Spie) for all x £ Oe 
(x G O \ e, respectively). 

Note that exp : R ^ R is not low-bounded, but elementary bounded. 



^As pointed out by the referee even in the case when is the class of low er e lementary 
functions, the J?-"-functions on R are not necessarily computable in the sense of |10[. 
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Lemma 3.5. If F : O M.^ is (uniformly) in T , then F is (uniformly) 
T -bounded. 

Proof. Assume the J^-functions d and / satisfy (|l|) . Fix a number e and consider 
an X £ Oe- Choose z £ such that the distance between x and a = -j^z is 

less than^py. Since \a\ < e + 1, the height of a is smaller than (e + l)d(e). By 
Lemma 2^ we have |/(a, e)| < /3/((e + l)(i(e)), and therefore 

\F{x)\<(3f{{e + l)d{e)) + l^Pp(^). 

□ 

Lemma 3.6. J- -functions O ^ M are continuous. 

Proof. We show that F is uniformly continuous on every Og. Assume that d 
and / satisfy It suffices to show that for all x, x' £ Oe 

\x-x'\<-^^\Fix)~Fix')\<-. 

a(e) e 

Assume |x — x'j < Choose a £ such that |a; — a| < and \x' — a\ < 
■j^. Then both F{x) and F{x') differ from f{a,e) by less than i. Whence 

\Fix)~-F{x')\<l □ 

Lemma 3.7. IfF:O^M'^' is in T,U d R^^ open andG:U uniformly 
in T , then G o F : F^^U (1 O ^ R is in T . If F is uniformly in T , then so is 
GoF. 

Proof Assume that F satisfies (|^) with the J^-functions d and / and assume 
that G satisfies (|l|) with d' and g. 

Let P = Pf he as in 3.5 and set V — F~^(U) fl O. Clearly we may assume 
Pie) > e for all e £ N. So if x g Ve C O^, then F{x) £ U \ /3(e). Thus for all 
e e N, a e and X e Ve we have 



G o Fix) - 



(.T)-.g(/(a,d'(/3(e))),/3(e) 



1 1 
< < - 

Pie) - e 



This shows also the second part of the theorem, only replace Ve and Oehy V \ e 
and O \ e. □ 

Definition 3.8. A function F : O ^ U is called T-compact if there is an 
T -function /3 : N ^ N such that -F(Oe) C Up^e) for all e £ N>o. 

Note that Fix) — i : (0, oo) (0,oo) and ln(a;) : (0, oo) (—00,00) are 
low-compact. 
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Corollary 3.9. Let O, U and V he open sets in Euclidean space. If F : O ^ U 
is in T and T -compact, and if G : U ^ V is in T , then G o F is in T . If G is 
-compact, then so is G o F : O ^ V . 



Proof. By the proof of Lemma |3.7| . □ 

If F is defined on the union of two open sets U and V , and if is in 
restricted to U and restricted to V , it is not clear that F is in T, without 
additional assumptions. 

Remark 3.10. Let F he defined on the union of U and V and assume that 
F \ U and F \ V are in T . Assume also 

1. that for some J- -function u : N ^ N (C/ U V)e C C/„(e) U T4(e) 



2. that U and V are T -approximahle in the sense of Definition 7.1 helow, 



then F is in T . □ 

The two conditions are satisfied if JJ and V are open intervals whith T- 
computable endpoints. 

4 Semialgebraic functions 

In this article semialgebraic functions (relations) are functions (relations) defin- 
able without parameters in E. The trace of a relation R C on Q is ROQ^ . 
The following observation is due to Yoshinaga |Q. 

Lemma 4.1. The trace of semialgehraic relations on Q is low. 

Proof. By quantifier elimination. □ 

Note that any semialgebraic function g : R — > R is polynomially bounded, 
i.e. there is some n e N with \g{x)\ < |a;|" for sufficiently large x. 

Theorem 4.2. Continuous semialgehraic functions F : O ^ R are low for 
every open semialgehraic set O. 

Proof. Fix some large e € R>o- Note that the Oe - for real positive e - are 
uniformly definable. Since F is uniformly continuous on 02e, there is some 
positive real d such that for all x, x' G 02e 

\x-x'\<^ ^ \F{x) ~ F{x')\ < j-. 

Since the infimum of all such c? is a semialgebraic function of e, there is some 
n G N such that for all large e £ N and all x,x' £ 02e we have 

l^-^'l<^ ^ \Fix)-Fix')\<j-. 
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By a similar argument we obtain a polynomial bound for |F| on 02e- 
Now define / : x iV ^ Q in the following way: If a does not belong to 
02e, set f{a,e) — 0. Otherwise let f{a,e) be the unique 

6 g{-e™,-e'" + l..., 6^-^,6"} 



such that F{a) £ [b,b + j^). Then / is low by Lemma 4A. Now assume 
e £ N>o, a € and x £ Oe with |a; — a| < We may assume 2e < e". Then 
a e and therefore 

\Fix) - /(a, e)| < - F(a)| + |i^(a) - /(a, e)| < 1 + 1 = 1. 

□ 



By Remark p.2\ this yields: 



Corollary 4.3. Let F : O — > M &e semialgebraic. If there is some open semial- 
gebraic set U containing an e-neighborhood of O and such that F can be extended 
continuously and semialgebraically to U , then F : O is uniformly low. □ 

Remark 4.4. It is easy to see that, if F : O ^ V is continuous and F, O, V 
are semialgebraic, then F is low-compact. 

Corollary 4.5. The set of T -reals Mj^ forms a real closed field. 

Proof. By Theorem |4.2| , Mjc- is a field. To see that Mjr is real closed consider 
for odd n e N the semialgebraic function / : R" — > M where /(ao, . . .a„_i) 
is the minimal zero of the polynomial YlliZo Oi^' + By semialgebraic 

cell decomposition (see Ch. 3), R" can be decomposed into finitely many 
semialgebraic cells on which / is continuous. Each cell is homeomorphic to an 
open subset of M.^ for some fc > via the appropriate (semialgebraic) projection 
map. Thus, composing the inverse of such a projection tt with / we obtain 



a semialgebraic map on an open subset of R . Applying Theorem 4.2 and 
Lemma 3.3 first to tt^^ and then to the composition, we see that a polynomial 



with coefficients in Rjr has a zero in Rjr. □ 



Corollary was first proved by Skordev (see For countable good 

classes JT, like the class of low functions, clearly M.jr is a countable subfield of 



5 Integration 

Theorem 5.1. Let O C R^ be open and G, H : O R in such that G <H 
on O. Put 

U = {{x,y) £ R^+i \ x£0, G{x) <y< H{x)]. 
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Assume further that F : U ^ M. is in T and that \F{x,y)\ is hounded by an 
!F -function b{x). Then 

I{x)^ / F{x,y)dy (2) 
Jg{x) 

is an J- -function O ^ M. 

Proof. We fix witnesses for F, G, H being in J^: let d : N ^ N, / : Q^+i x N ^ 
Q, 3, /i : X N ^ Q be J^-functions such that for a; € Oe, a e Q^, 6 e Q 

\^-^\<^^\G{x)~g{a,e)\<- and (3) 
a(e) e 

|77(x)-/i(a,e)| < i (4) 
and, if \y\ < e and y e [G(a;) + - i], 

1^ ~ ^1 < TTTT ^ |y " ^1 < TTTT ^ y) ~ ■^("' ^' e)l < -■ (5) 
d[e) d(ej e 



By Lemma 3^5 we get an JF-function /? : N ^ N with \F{x,y)\ < (3(e) for all 
{x,y) e U and H{x) - G{x) < /3(e) for all a; G Oe- We assume that ^5 > 2. 

Let d'{e) = d(e"), where e' — 12e(3{e) and e" = 2d{e'). Define the function 
j : X N ^ Q as follows: if h{a, e")~g{a, e") < set j{a, e) = 0. Otherwise 
set 

s-i ^ 
e) = ^ /(a, g(a, e") + — + s5, e') ■ 5, 

s=0 



where = /3(e)e" and (5 = -^{h{a, e") — g{a, e") — p-). By Lemma 2^ there is a 
function i'{a, S, 2e) — i{a, e) in with \j{a, e) ~ i{a, e)| < 

In order to show that for all a e and x £ Oe 
it suffices to show 

\x-a\<^^^\l{x)-j{a,e)\<^^. 

Since e < e' < e", the hypothesis implies x € Oe' ^ Oe". We also have 
|a; — a| < ^j^prj and therefore 



|G(x)-.g(a,e")|<^ (7) 
\H{x)~hia,e")\<^. (8) 
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First case: h{a,e") - g{a,e") < p-. Using (R) and (||) we have \H{x) ~ G{x)\ < 
■§7 + -p- < §r- Therefore < p-/3(e) — J, which was to be shown. 



2e ' 



Second case: h(a, e") - g(a, e") > ^. This impUes H(x) - G{x) > ^ - jrr > jr 
Thus A = \{H{x) - G{x) - |r) is non-negative. Note that by (0) and (|) 

|A-^|<;|,. (9) 

We also have 

S e" 

It is easy to see that for each s < S, we have 
I (G(x) + i + 5A) - (.g(a, e") + 1 + | < 

max(|G(a;) - ^(a, - /i(a, e")|) < ^. (10) 



This impUes for every y G [G(x) + jr+sA, G{x) + jr + {s + 1)A] that 

1 



|2/-(5(a,e") + - + 5<5)| <- + A<- = -— 



Since |a; — a| < -j^, we have therefore 



2/) - /(a, <?(a, e") + 1 + e') | < ^, (11) 



which impHes 

r'"' ''F(x,y)dy - xi/(«.5(«,e") + ^ + s<5,e')-A < (12) 



By ( pi] ) we have that all /(a, (7(0, e") + + S(5, e') are bounded by /3(e) + 1. It 
follows that 



5]/(a,g(a,e") + ^ + s<5,e') -A -j-(«,e) < 

s=0 



^(/3(e) + l)|A-<5|<^^^i4^- (13) 

e 

Finally the absolute values of Jq^^,^^'^'^ F{x,y)dy and F{x,y)dy are 

bounded by By (|l|) and (O), this yields 



|/(.) - e)| < ^M!!)±l) + M + M£) < ^ < 1. 

' ' e" e' e' e' 2e 

This proves (|). □ 
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An examination of the proof yields: 
Corollary 5.2. If F,G,H are as above and uniformly in T , then the function 

l-Hix) 

F{x,y)dy 

G(x) 

is uniformly in T . 

6 Periods 

Kontsevich and Zagier |^ define a period as a complex number whose real and 
imaginary parts are values of absolutely convergent integrals of rational functions 
with rational coefficients over domains in M" given by polynomial inequalities 
with rational coefficients. The periods form a ring containing all algebraic reals. 
It is an open problem whether e is a period. 

Yoshinaga proved that periods are elementary. An analysis of his proof 
shows that he actually showed that periods are low. We here give a variant of 
his proof where part of his argument is replaced by an application of Theorem 



5.1 



Definition 6.1. A 1-dimensional bounded open cell is a bounded open interval 
with algebraic endpoints. An n + l-dimensional bounded open cell is of the form 

{{x,y) e M"+i \xeO, G{x) <y< H{x)} 

for some n-dimensional bounded open cell O and bounded continuous semialge- 
braic functions G < H from O to R. 

Thus our cells are semialgebraic. 

Lemma 6.2. Let C be an N -dimensional bounded open cell and N ^ A + B . 
Let O be the projection on the first A-coordinates and for x G O let Cx be the 
fiber over x. Then the map x ^ vol(C2;) is a bounded low function. 

Proof. By induction on B. Let U be the projection on the first ^+1 coordinates. 
Then U is of the form 

{{x,y) e M-'*+^ \ xeO, G{x) <y< H{x)} 

for some bounded and continuous semialgebraic functions G < H. By induction 
hypothesis, u i-^ vol(C„) is a bounded low function J7 — *■ K. By Fubini 

rH{x) 

vol(Ca;) = / yo\{Cx,y)dy. 

JG(x) 



This is bounded and low by Theorem 5.1. □ 



Corollary 6.3. The volumes of bounded semialgebraic sets are low. 
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Proof. Since every semialgebraic set is the disjoint union of semialgebraic cells, 
it is enough to know the claim for bounded semialgebraic cells, which is the 



N — case of Lemma 3.2 . □ 



Corollary 6.4. Periods are low. 

Proof. By Lemma 24 of ||ll), periods are differences of sums of volumes of 
bounded open semialgebraic cells. □ 



7 The Inverse Function Theorem 

We call a sequence Ai,A2, ... of subsets of an T -sequence, if {(e, a) | a S 
Ae} is an J^-subset of N>o x Q^. 

Definition 7.1. An open set O C is !F -approximahle if there is an T- 
sequence A\,Ai,. . . of subsets of and an J- -function a : N ^ N such that 

Oe n C A C 0„(e) for all e e N>o. 



It follows from Lemma 4.1 that semialgebraic sets O are low approximable. 
We can simply set A = Oe n Q^. 

The followin g ob servations will not be used in the sequel. For the last part. 



we need Lemma 7.4 



Remark 7.2. 1. The intervals {x,oo), {—oo, y) and {x,y) are T -approximable 
if and only if x and y are T-reals. 

2. If O is J- -approximable and F,G : O ^ M. are in T , then {{x,y') | x G 
0,F{x) < y < G{x)} is T -approximable. 

3. If F : O ^ V is a homeomorphism and F and F^^ are uniformly in T, 
then O is J- -approximable if and only if V is. 

Theorem 7.3. Let F : O ^ V be a bijection in T where O is J- -approximable 
and V open in M^. Assume that the inverse G : V O satisfies: 

fi) There is an T-function d' : N ^ N such that \G{y) - G{y')\ < i for all 
y,y' e Ve with \y - y'\ < . 

(a) G is J- -compact. 
Then G is also in T . 



By the proof of Lemma 3^ and Remark 7^ below the conditions (|) and ^ 



are necessary for the conclusion to hold. 

Proof. As G is JF-compact, let 7 : N ^ N be an JF-function such that Giy^) C 

Since F is in T , we find JF-functions die) and /(o, e) such that for all a e 
and X g Oe 

|x-a|<^-.|F(x)-/(a,e)|<i (14) 
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We also fix a function a and a sequence y^i, z G N>o as in Definition 7.1 



We now construct two J^-functions d" : N N and g : x N such 
that 

l2/-H<^-|G(y)-5(&,e)|<i (15) 

for all e G N>o, 5 e and y G 
Fix e G N and h G Q^. Set 

d" = d"(e) = max(4rf'(2e), 8e, a(27(e)), 27(e)). 

Also put C — max( 27(e), did!'^) and consider the set 

Since the elements of A are bounded by a (27(e)), .4 is a finite set. If there is 
an a G ^ such that 

we choose such an a by an J^-function (!) a = g{b, e). Otherwise put g{b, e) = 0. 

Let us check that d" and g satisfy (|l5|). Start with e and b as above and 
consider an y G T4 with \y — b\ < -jtt^- 

We first show that A contains an element a' with \b — f{a',d")\ < For 

this set X = G{y) G O-Y(e). Choose an a' G Z)''^ such that jx — a'| < ^. Since 
C > 27(e), we have a' G 027(e) and therefore a' G yl. Since d" > 27(e) and 
did") < C we have \y-fia',d")\ < ^ by (|l|). This implies |6-/(a',d")| < J7. 

Now set a = g{b, e). By the previous paragraph, we know that a is in ^ and 
satisfies ([T^). Since a G Oa{2-y(e)) and c?" > a(27(e)), we have \F{a)~ f{a, d")\ < 
^. This implies \v - F{a)\ < \y - b\ + \b - f{a, d")\ + \f{a, d") - F{a)\ < ^. 

Since ^ > 2e, this impHes F{a) G V2e- Since d'(2e) < we can use (|) to 
obtain \x — a\ < ^. □ 

Lemma 7.4. Let G .V ^ O he open and continuous. Suppose 

1. G is J- -hounded. 

2. There is an J- -function d' : N — > N such that 

\G{x)~G{x')\<-^ ^ \x-x'\<- 
d'[e) e 

whenever G{x), G{x') Q O \ e 
Then G is J- -compact. 



Remark 7.5. By Lemma \3.q and the proof of Lemma 3.t, respectively, the con- 
ditions of Lemma \7.\ are satisfied if G is a hijection in T and G^^ is uniformly 
in T . 
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Proof of \7.^ . Choose an ^-function f3 such that |G(2:)| < /3(e) for all x G Ve, so 
G(Ve) C O I /3(e). We may assume /3(e) > 2e. Let 7(e) = max(2/3(e), d'(2/3(e))). 
We will show that G(T4) C 0^,(6) for all e £ N>o- 

Let X £ Ve and y — G{x) G O \ (3{e) C O \ 7(e). So we have to show 
that dist(y,R^ \ 0) > Let B be the open ball]^ around x with radius 

Then the closure B = B \J SB \s still a subset of V . Since G is continuous and 
open, G{B) is compact and G{B) is open in O and therefore in M^. Let y" 
be any element in \ O. Look at the line segment L between y" and y. L 
contains an element of G{5B) since otherwise the traces of G{B) and \ G{B) 
on L were an open partition of L. So let x' G (5i? and y' — G(x') g L. Then 



> -L 

e+l — 2e • 



By assumption 



d'(2/3(e)) ' ' 2/3(e) 

'^i UtU' ^ O \ 2/3(e). So there are two cases. Either \y — y'\ > ^,(^2^p{e)) — ^yfej 
\y'\ > 2/3(e). But since |y| < (3{e), in this case we have \y — y'| > 1 and we are 
done either way. □ 

Corollary 7.6. Let O be T -approximable and V open and convex in R^ and 
F : O V a bijection which is uniformly in T . Assume that the inverse 
G : V O is differentiable and that |D(G)| can be bounded by an T -function 
G' : y ^ M. Then G belongs also to T. 

Here the norm of a matrix A = (a^j) is max^ 



Proof. It sufHces to show that G satisfies (|) and (0) of Theorem 7^ 



Proof of (pf): By Lemma 3.5, there is an JF- function 7 : N Q such that 



\G'{y)\ < 7(e) for all y € Ve- Assume that y,y' e Ve and \y - y'\ < ^. 
Then the line segment between y and y' is contained in V2e and it follows that 
|G(y) - G(y')l <\y- v'M^e) So we can set d'(e) - max(2e, ^). 

Proof of ([|) : We have to verify the two conditions of Lemma |7.4 Condition || 
follows from the assumption that F is uniformly in J^. It remains to show that 
G is J^-bounded. 

Fix some yo £ V and some eo with yo G Ko- If e > eo and y G 14, then the 
line segment between yo and y lies in Ve. So 

|G(y)| < |G(y) - G(yo)| + |G(yo)| < |y - yo|7(e) + |G(yo)|. 

We set /3(e) = 2e'7(e') + r|G(yo)|], where e' = max(e,eo), and have |G(y)| < 
/3(e). □ 

The next proposition shows that for proper intervals we can weaken the 
assumptions: 



Actually this is a cube, since we use the maximum norm. 
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Proposition 7.7. Let F : O ^ V C W be a homeomorphism, with inverse 
G where O = (co,ci) is a bounded open interval whose endpoints are J^-reals. 
Suppose that F belongs to T and that there is an T-function d' : N — > N such 
that \G{y) - G{y')\ < \ for all y,y' e Vg with \y - y'\ < ^pj^. Then G is in T. 

Proof. Without loss of generality let us assume that F is increasing. For sim- 
plicity we also assume cq, Ci € Q. Since F is in J^, we find .F-functions d{e) and 
/(a, e) such that for all a € Q and x & Og we have 

k - a| < ^ ^ \F{x) - f{a, e)| < ^ 

We may assume d{e) > 4e and d'{e) > e for all e G N. We will find an !F- 
function g{b, e) such that for y € 14 we have 

Let e' = 2d'{2d{e)). If j^Z n Oe' = 0, put g{b,e) = i(ci - cq). If there is 
some a S j^'^ ^ Of.' with \b — f{a, e')\ < -p-, put g{b, e) = a with a minimal 
such. Otherwise, since d witnesses F being in J^, we may put g{b,e) = Ci if 
b — f{a, e') > p- for all a € j^'^ ^ Og' and cq otherwise. 
Now let \y-b\< 37^53^1 y G So b,yG V^die) and \G{y) - G{b)\ < 
Case I: Suppose that x = G{y) G Oe- Note that Oe 7^ implies that -^^Zn 
Oej 7^ 0. Since \G{y) — G{b)\ < 2j(e}^ '^^ have G{b) e O,,' ■ Hence there is some 
smallest a G d(eO^ '^ith \b — f{a, e')| < ^. Then g{b, e) = a and 

\G{y) - g{b, e)\ < \G{y) - G{b)\ + \G{b) - a\. 

Now 

|F(a) - 6| < \F{a) - f{a, e')| + |/(a, e') - 6| < 2^ < j^^^- 

Since y G Vg and \y - F{a)\ <\y-b\ + \F{a) - b\ < d,^2d{e)) ^^'^^ -^(")' ^ 
^2d(e) and hence |G(6) — a\ < 5^^- Combining all this we see that 

|G(.)-.(6,e)|<J^<i. 

Case II: Suppose that x = G{y) ^ Oe- Then if g{b,e) = a G Oe' the same 
argument as above works. Otherwise g{b, e) has distance less than ^ from either 
Co or ci and by construction of g we again have \G{y) — g{b, e)\ < -. □ 
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8 Series of functions 

Definition 8.1. For an open set O C a sequence Fi,F2,... of functions 
O R^^ is in T if there are T-functions d : N and f : x ^ 

such that for all i, e € N>o and all a G and x ^ Oe 

\x-a\<^^^-^\F,{x)- f{a,i,e)\<-^. (17) 

This definition is the n = 1 case of the obvious notion of an JF-function 
F : N" X O R*^. Note also that for TV = this defines J^-sequences of 
elements of R^^. 

Lemma 8.2. If F : O x R>o M.^^ is in T , then so is the sequence F{—,i) : 
O^R^', (i = 1,2,...). 

Proof There are J^-functions d' : N ^ N and / : Q^+^ xN ^ Q*^ such that 
for all a G Q^, a: G Oe and 6 G [i, e] n Q 

\x-a\< \F{x, b) - f{a, b,e)\< \ 

So we can set e) = c?'(max(i, e)). □ 

Definition 8.3. A sequence Fi,F2,... of functions O ^ R*^ T -converges 
against F, if there is an T-function to : N ^ N such that \F{x) — Fi{x)\ < - 
for all X G Oe and i > m{e). 

Lemma 8.4. The T -limit of an J- -sequence of functions is an T -function. 



Proof. Let d and / be as in Definition 8^1 and to as in |8.3| . Set d'{e) = 
d{m{2e),2e) and f'{a,e) — f{a,m{2e),2e). Consider a G Q^, x E Oe and as- 
sume \x-a\ < Then \F{x) - F„,(2e){x)\ < ^ and \F„,^2e){x) ~ f'{a,e)\ < 

^. It follows that \F{x) - f'{a, e)| < i. □ 

Proposition 8.5. Let Fi, F2, . . . be an J- -sequence of functions O — > R^^ such 
that the partial sums of the series X^i^i '^^^ T -convergent. Then X^i^i '■ 
O R"' is in T. 

Proof. We have to show that the series of partial sums is an .F-series of func- 



tions. This can easily be done using Lemma 2.S. □ 



9 Examples 

1. Inverse trigonometric functions 



The function is continuous and semialgebraic. So by Theorem |5J. 



arctanfa;) — / ttt; dt 

^ ' ' 1 + x^t^ 
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is low. The same argument shows that 



1 



arcsinfa;) ~ / — dt 



is low^, as a function defined on (—1,1). 
2. Logarithm 



As a semialgebraic function ^ : ]R>o — > R is low. So by Theorem 5J ln(a;) 
i dy is low, at least on (0, 1) and (l,oo). But writing 



ln(x) - / — -dt, 

Jo l + t(a:-l) 

we see that ln(a;) is low on (0,oo). 

The same formula defines also the main branch of the complex logarithm 
ln(z) : C \ M<o C. Since the real and imaginary part of the integrand 
i+t{z-i) ^'^^ semialgebraic functions of Re(z), Im(z) and t, we conclude that 
ln(2:) is low.[] It is also easy to see that ln(z) is low compact as a function from 
C \ R<o to {z I Im(z) e (-TT, tt) }. 

3. Exponentiation 



As exp(a::) is bounded on every interval (— oo, r) we may apply Proposition 7/7 
to In : (0,1) (—00,0) to conclude that exp(x) is low on (— oo,0) and - by 
translation - on every interval (— oo, r). exp(a;) cannot be low on the whole real 
line since it grows too fast. Nevertheless the following is true. 

Lemma 9.1. G{x, y) — exp(a;) is low on V — {(x, y) : exp(a;) < y}. 

Proof. Clearly, G is low on V n (M<i x R) and differentiable on V. So let 
us consider V — V (R>o x R), which is a convex open subset of R^. Let 
O = {{z,y): 1 < z < y}, which is Zoui-approximable, let F : O — > V map 
(z, y) to (Inz, y) and let H be the inverse of F. The norm of the differential of 
H is bounded by the Zow-function {x,y) i-^ y. Now F is uniformly low, which 
by Corollary |7.6| im plies that H and therefore G \ V is low. Now G is low on 



V by Remark |3J0|. □ 
The complex logarithm defines a homeomorphism 

In : C \ M<o {z \ Im(z) G (-tt, tt) } 

and for all r < s € R a uniformly low homeomorphism between {z ^ C \ R<o | 
exp(r) < l^l < exp(s)} and {z \ Im(z) £ (— tt, 7r),r < Re(z) < s}. We can apply 

* We do not know whether arcsin is uniformly low. 
5 We identify C with R^. 
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Corollary 7.6 to see that exp(z) is low on {z \ Ini(z) £ (—tt, 7r),r < Re(z) < s}. 
Using the periodicity of exp(z) it is now easy to see that exp(2;) is low on each 
strip {z \ r < Re{z) < s}. This implies that sin(x) : R ^ K is low. Now also 
cos(x) is low and since exp(a; + y i) — exp{x){cos{y) + sin{y) i) we see that exp(z) 
is low on every halfspace {z \ Re(z) < s}. 



Remark 9.2. It is easy to see that exp(z) is elementary on C. 



4. xy 

Consider the function , defined on X = (C \ M<o) x C by 

— exp(ln(a;) • y). 

Since In (a;) is low and exp(2;) elementary on C, it is clear that x^ is elementary. 

Let us determine some subsets of X on which x^ is low. We use the notation 
i? = {z € C I |z| < 1} for the open unit disc. 

Fact 4.1: x^ is low on (E \ K<„) x ]R>„. 

Proof: ln(2;) • y maps this set to {z \ Re(z) < 0}, on which exp is uniformly low. 

Fact 4.2: x^' is low on (0, 1) x {z | Re(z) > 0}. 

Proof: ln(a;) • y maps this set to {z \ Re(z) < 0}. 

Fact 4.3: x^ is low on R>o x {z | < Re(z) < r), for all positive r. 

Proof: Since — x''(sin(ln(x)6) + cos(ln(a;)&) i), it suffices to consider x^ 

on R>o X (0,r). x^ is low on (0,2) x (0,r), since ln(a;)y maps (0,2) x (0, r) 
to (— cx), ln(2)r). Therefore we are left with U — (l,oo) x (0,r). Let iV be a 
natural number > r + 1. Then x^ is the composition of F{x, y) — (ln(a;)y, x'^) 
and G{z,w) — exp(z). F maps U into V — {{z,w) \ exp(z) < w}, on which 
G is low by Lemma pj]. W e will show that F : U — > is low-compact, so 
we can apply Corollary |3.9| to conclude that x'^ is low on U. It is clear that F 
is low-compact as a function from U to K^. So it suffices to show that for all 
e e N>o and {x,y) € [i,oo) x (0, r) we have dist(F(a:, y),R2 \ y) > ^. This 
amounts to exp{ln{x)y + j^) < x^ — j^, which is easy to prove: 

exp(ln(x)y + ^) = exp(^) < -t- ^) < a:«(H- i) - x^^ 

<x^-xyi,<x^-i,. 



5. Gamma function 
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We have for Re(a;) > 1 



Fix) 



J--1+X 



exp(— t) dt 



' exp(— dt 



■ cxp(-t) dt 



,-1 



■expl 



)dt. 



Let us check that for every bound r > 1 the two integrands are low on Xr = 
{ix,t) I Re(a:) € e (0,1)}: exp(-t) is low on (0,1). And, since j : 

(0,1) (l,oo) is low compact (cf. Remark 44), the function exp(^) is low 

on (0, 1). t-i+^ and = (t)""^^ are low by Fact |.| above. 

If r > 1, the absolute values of the integrands are bounded by 1 and 
(r + l)(''+^\ respectively. So by Theorem 5J, F is low on every strip {z \ 
1 < Re(2:) < r}. 

6. Zeta— function 

Since is low on (0, 1) x {z | Re(z) > 0} (Fact |||), the function is low 
on (l,oo) X {z I Re(z) > 0}. This implies that the sequence {n — 1, 2 , . . .) 
is a low sequence of functions defined on {z \ Re(z) > 0} by Lemma |8.2|^[ The 
series 

oo 
n—l 

converges whenever t = Ke{z) > 1 and we have the estimate 



c(,)-y ^1 < ri-d 



1 



So, if Re(z) > 1 + i and TV > (fce)^ we have C(^) - E„=i 71^ 
that C{z) is low on every {z \ Re(z) > s}, (s > 1) by Proposition |8.5. 



< -. This shows 



10 Holomorphic functions 

Lemma 10.1. The sequence of functions z" , n = 0,1, ... is a low sequence of 
functions on E 



Proof. By Fact |||^ and Lemma 8^, the sequence z^, . . is low on E \ M<o. 
Since (— z)" = (— 1)"2;", it follows that z^ , z^,. . . is low on E\{0}. It is now easy 
to see that z^, z^,. . . is actually low on E. (Set f{a,i,e) — 0, if \a\ < -.) □ 



Strictly speaking, one applies 8.5 to to get the low series . 
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Lemma 10.2. Let F(z) = X^i^o "^i-^' complex power series with radius of 
convergence p. Let < b < p be an J^-real such that {aiV)i^^ is an -sequence 
of complex numbers. Then F restricted to the open disc {z: \z\ < b} belongs to 
T. 

Proof. By assumption and the last lemma the sequence {aih^z^) is !F on E. If 
we plug in the J^-function z i-^- |, we see that (ajZ*) is low on {z: \z\ < b}. We 
are finished, if we can show that X^i^o .F-convergent on {z: \z\ < b}. 

For this we find a low function m{e) such that < for all 

n > m{e) and \z\ < b — -. Since - — limsup^^g^ \/|a„|, there is an N such 

^ P 

that a/KT < i for all > oi, |a„6"'|<l for all n> N. 

We show that Y.Zn k^la^' < I for all n > max(Ar, b'^e^) and x e [0, 6 - i]: 

EKi.'=(f)"f:K.."«i(f)'^(f)"f:(f)' 

i=n i—0 i—0 

/ 1 \^ 1 / 1 \ 1 , 

<M<1 

n e 

□ 

Remark 10.3. If < bo < bi are J^-reals and {aib\) is an T-sequence, then 
also {aib^) is an J-'-sequence. 

Proof. is an .F-sequence. □ 

Definition 10.4. Let A be a compact subset of M.^ . We call a function F : 

A^R^ to be in T if there are T-functions d : N ^ N anrf / : x N ^ 
such that for all e S N>o and all a G and x G A 

k - a| < ^ ^ \F{x) - f{a, e)| < ^. 

Let F : A ^ M.^ be defined on the compact set A. The following is easy to 

see: 

1. If F can be extended to an .F-function defined on an open set, then F is 
in J^. 

2. If F is in J^, then all restrictions to open subsets of A belong to .F. 

Lemma 10.5. Let F{z) = X^^q "^i^* complex power series with radius of 
convergence p. Assume that for some T-real b < p, F{z) restricted to {z \ \z\ < 
6} is in T . Then the sequence (aiV) belongs to T . 
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Proof. We have 



1 1 /■ , 
' dz 



27ri 5" 

The integral can be computed as 



F{bexp{xi)) 
— -— ;-(iexp(xi))da: 

F(bexj>{xi)) exp{—nx i) da; 



An appHcation of Theorem 5J. yields that y 1-^ i F(6exp(a; i)) exp(— i) da; 
is a low function from M to C. The lemma follows from this by an application 



of Lemma S.2. □ 



Lemma 10.6. A sequence (a;„) S C is in T if there is an J- -function G : — s- 
with \xn-G{n,e)\ < 1/e for all n, e e N>o • 

Proof. This is clear from the definitions. □ 

Lemma 10.7 (Speed-Up Lemma). Suppose (a;„) Q C is a sequence with \xn\ < 1 
and suppose that < b < 1 is an J--real. Then (a;„&") is an J- -sequence if 

Proof Let f : ^ Q"^ he in T such that \xnb^'' - f{n, e)| < i. 

ln(e) 

ye = ^y (e^M,...) 

is an JF-sequence of reals. So there is an JF-function ft, : N ^ Q such that 
lUe — h{e)\ < 1 for all e G N>o. We fix also a natural number B > b^^. 

We want to define an J^-function G : ^ C with 

1 



\xnb" - G{n, e) < 



e 



for all n, e G N>o- Let n, e be given. We distinguish two cases: 
Case 1: h{e) < n — 1. We have then ye < ri, which implies 



|x„6"| < < -. 

e 



So we set G(n, e) = 0. 
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Case 2: h{e) > n — 1. Then ye ^ n — 2, which means 

6^-" = exp(ln(6-i)(n - 2)) < e. 

We can now apply Lemma and compute 6^~" as a low function of ln(6^^)(n — 
2) and e. It follows that we can compute 6~" = as an J^-function of 

n and e. So also G(n, e) = /(n, _B^e^)6~" is an ^-function of n and e, and we 
have 

|x„6" - G(n,e)| = \x„b^'' ~ !in,B^^)\ ■ < < < _. 

i5^e e e 

□ 

Corollary 10.8. Let F(z) = YlTLo '^i-^* complex power series with radius 
of convergence p. If F is in T on some closed subdisc of {z: \z\ < p}, it is in 
T on all closed subdiscs. 

Proof. Let r be any positive rational number smaller than p. Choose a rational 
number s between r and p. We then have |a„s"| < 1 for almost all n. By 
assumption there is an N such that F is on {z: \z\ < sbN}, where 



This implies by Lemma [l0.5| that ((o„s")&^) is in J^. If TV > 0, the Speed-Up 



Lemma shows that {{anS^)b''^_^) is in Continuing this way we conc lude that 



{a„s"6Q) — {anr"') is in T. So F is on {z: \z\ < r} by Lemma |l0.2| . □ 



Theorem 10.9. Let F be a holomorphic function, defined on an open domain 
D CC If F is in T on some non-empty open subset of D, it is in T on every 
compact subset of D. 

Proof. It is easy to see that one can connect any two rational]^ points a,b in D 
by a chain o = ao, . . . , a„ = 6 of rational points such that for every i < n, some 
circle Oi = {z: \z — ai\ < n} contains a^+i and is itself contai ned in D. 

If F is in on some open neighbourhood of ao, Corollary 10.S| (applied to 



F{z + flo)) shows that F is in on any closed subdisc of Oq. So F is in in 
some open neighbourhood of oi, etc. We conclude that all rational points of D 



have an open neighbourhood on which F is JF. So, again by Corollary 10.8, F 
is in on all closed discs with rational center contained in D. Since we can 
cover any compact subset of D with a finite number of such discs, the theorem 
follows. □ 

Corollary 10.10. Let F be holomorphic on a punctured disk D, = {z | < 
l^l < r}. Then the following holds: 

1. If is a pole of F and F is J- on some non-empty open subset of D,, 
then F is T on every proper punctured subdisc Z?^ = {z | < [zj < r'}. 
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2. If is an essential singularity of F, F is not low on D, . 

Proof. |l|: Let be a pole of order k. Then F{z)z^ is holomorphic on D = 
{z \z\ < r}. By the theorem F{z)z^ is J- on any disc D' = {z : \z\ < r'}, r' < r. 
Since z~^ is low on D',, F is T on D',. 

||: If F would be low on D,, the absolute value of on {z | < |z| < -j} would 
be bounded by a polynomial in e (Lemma |3.5|). So would be a pole of F. □ 



Corollary 10.11. Let S — {— n | n e N} denote the set of poles of the Gamma 
function T . T is low on every set {z : \z\ < r} \ S. 

r cannot be low on C \ 5 since nl grows too fast. We believe that T is 
elementary on C \ S*. 

Corollary 10.12. The Zeta function ({z) is low on every punctured disk {z \ 
< |z - 1| < r}. 

C cannot be low on C \ {1}, since oo is an essential singularity. But C may 
be elementary on C \ {1}. 

Corollary 10.13. The set Cj^ = of T -complex numbers is algebraically 

closed and closed under hi{z) , exp(z), T{z) and C{z). 

Note that Kjfr[i] is algebraically closed since Mjf is real closed by Corol- 



lary 4.5 



If ao, ai, . . . are Q-linearly independent algebraic numbers, the exponentials 
exp(ao), exp(ai). . . . are low and algebraically independent by the Lindemann- 
Weierstrafi Theorem. So the field of low complex numbers has infinite transcen- 
dence degree. 

We close with two more examples. 
7. 

The function exp(-!-) is low on every annulus {z | r < |z| }, r > 0, but not on 
C\{0}. 

8. 

There is a low function / : N ^ {0, 1} such that n i— > /(2") is not low. Consider 
the series F{z) = X^^^o'^"-^"' where a„ — /(2"). F is holomorphic on E and 
low on every compact subset of E, but the sequence (a„) is not low. 
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